
Chapter 3: 

Crystal Binding and 
Elastic Constants



electrostatic interaction between electrons (negatively charged) and nuclei 
(positively charged) defines cohesion of solids

• Not magnetic forces
• Not gravitation

electrostatic interaction
• exchange energy
• van der Waals forces
• covalent forces



Cohesive Energy:

The energy required to remove a single atom from the crystal
• the atom is neutral afterwards
• at infinite separation distance

Lattice energy:

The energy required to remove a single atom from an ionic crystal
• in an ionized state
• at infinite separation distance

Let us have a look at
• Cohesive Energy
• Melting Point
• Bulk Modulii









Inert Gas Crystals (Xe, Ar, Kr, .....)

Outer electron shells are completely filled 
Spherically symmetric distribution of outermost electrons

• Insulators (no free electrons)
• transparent (no low energy dipole transitions)
• weakly bond
• low melting point

• only van der Waals Forces (what are vd. Waals Forces ?)





~ about only 1 % of ionization potentialRo

Ro/ ~ 1.09



What is the Lennard-Jones Potential ?



Van der Waals – London Interaction 

Inert 
gas 

atom

Inert 
gas 

atom

Which Forces ?

neutral atom neutral atom

No Coulomb Forces ! ...... ?



Inert Gas Core (charge +q)

Electron (-q)

Inert Gas Core (+q)

Electron (-q)

Two identical, linear, harmonic oscillators 1 and 2

Coulomb Interaction



symmetric mode asymmetric mode

in coordinates of 1 and 2



Zero-Point Energy of interacting system:

Zero-Point Energy of a non-interacting system:

The interacting system has a lower energy by DU 
because of charge fluctuations (van der Waals Force)

also called London Interaction or induced dipole-dipole interaction



approximately: A =

strongest optical absorption line electronic polarizability (Chapter 15)



attractive van der Waals Interaction

repulsive interaction due to overlap of charge density (Pauli exclusion principle)





Lennard-Jones Potential (approximate description)

attractive van der Waals forces

repulsive interaction

F = - dU / dRForce between two atoms:





Equilibrium Lattice Constant

N atoms in the crystal

double counting

distance between atom i and j in units
of nearest neighbour distance R

close to 12 (number of neighbors – which dominate the interaction)



Minimum distance (Force = 0)

Variations due to zero-point quantum effects



Cohesive Energy (at T = 0K, 0 Pressure)

Quantum-mechanical corrections act to reduce the binding by 28, 10, 6, and 4 percent
for Ne, Ar, Kr, Xe respectively.

The heavier the atom, the smaller the quantum correction.



Ionic Crystals

• Ionic crystals are made of positively and negatively charged ions and
result from respective Coulomb Forces

• ions donate or accept an electron from the counterpart to completely 
fill all electronic shells – similar to inert gas

• charge is basically spherically symmetrically distributed with minor deformations
due to the neighbors

Li: 1s2 2s1 F: 1s2 2s2 2p5 => Li+:  1s2 and F-: 1s2 2s2 2p6









Electrostatic or Madelung Energy (Coulomb Force)

F ~ q1q2 / r2

• attractive electrostatic force (Madelung energy)
• van der Waals Forces are present but are very weak (1-2 %)
• repulsive forces are active (see inert gases)

Energy between ions i and j

central repulsive potential (r-12)

Note: 
CGS: q2/rij

SI: q2/4peorij



number of nearest neighbors



Determine equilibrium separation (F = dU/dR = 0)

=>

Madelung Energy

very short range repulsive interaction
r ~ 0.1 R0

Definition of the Madelung Constant

To give a stable crystal: a > 0



For a 1D Chain:

a = 2 ln2

For 2D and 3D – very difficult to calculate .....







r ~ 0.1Ro

Ro



Covalent Crystals

Ionic Crystal

Charge Transfer
Occupied Inner Shells

Occupied Outer Shells

Unoccupied Outer Shells

Si, Ge, ......

different atoms

equal atoms



Si, Ge, ......equal atoms

share electrons



Hydrogen System (1 electron)

Kinetic Energy

electron-nuclei Coulomb Energy 

nuclei-nuclei Coulomb Energy



Solve Schroedinger Equation

Solution of 1-Atom Hydrogen System







2 Hydrogen atoms
(with 2 electrons)

2 electrons in the same state (binding)
 (Pauli Principle) s = +/- ½  ..... Total Spin S = 0
 We loose Coulomb Energy (close proximity)
 We gain Exchange Energy

2 electrons in different states (anti-binding)
 S = 0,1
 We gain Coulomb Energy
 We loose Exchange Energy
 1 electron is in a higher state = loss of energy

The balance of Coulomb
Energy and Exchange Energy
determines if we have a
magnetic state ! 
(see later Chapters)





C: 1s2 2s2 2p2 (equivalent for Si, Ge, Sn, ....)

2 occupied states in 6 different states
but: sp3 hybridization

C: 1s2 2s1 2p3





electrons forming the bond are partly localized
in the region between the atoms.









(2,6)

(3,5)

(1,7)

(1,7)

(2,6)



Metals:

- high electrical conductivity
- large number of available electrons to move freely (typ. 1 – 2 electrons / atom)

- these electrons are called “conduction electrons”



















Elastic Properties: Strain

• Continuum approximation:
• crystal viewed as a homogeneous continuous medium 

(instead of a periodic array of atoms)
• validity: elastic waves with l > 10 nm (f < 1011 Hz)
• described by a (3 x 3) tensor eij (or eij in Kittel’s Book)
• assume Hooke’s Law & 2nd Newton’s Law: (F = - k Dx, with k the spring constant)

objectF

x

y

deformation
(here in x and y direction)



spring constant f

a longitudinal wave in a cubic system:



small displacement

with (elastic module)

velocity of acoustic wave in a cubic crystal
along one of the cubic axes.

eij 
𝜕𝑢

𝑖

𝜕𝑥
𝑗

; tensor of deformation





Tensor of Deformation:

eij : dimensionless, << 1

uniform deformation



𝒓 = x  𝒙 + y  𝒚 + z  𝒛

𝒓 = x 𝐱′ + y 𝒚′ + z 𝒛′

Displacement R = r’ – r = x (x’ -  𝒙 + y (y’ -  𝒚) + z (z’ -  𝒛)
= (xexx + yeyx + zezx)  𝒙 + ......

uniform deformation



If deformation is nonuniform – u,v,w are related to local strains.:

xexx  x 
𝜕𝑢

𝜕𝑥
; etc,







Stress (force):

The direction of the force

The normal of the plane, the force is applied to

: Stress Components (in force per unit area)



The number of independent components reduces from 9 to 6 (the total torque must be zero) 



Elastic Energy Density

with:



For six strain components

For six stress components

36 Sxy

and 

36 Cxy



Reduce C’s from 36 down to 21 !

I.  1st consideration

From Eq. 38



II.  2nd Consideration

Only  C11 C12 C44

For cubic crystals only







(1) Because y is equivalent to z for a cubic crystal  

(2) This is due to the basic definitions of C14, C15, C16

(1) (2)

= C55(3) (4)



Thus we have 

only C11, C12, C44

C44 =



See eq. 35



Elastic Waves in Cubic Crystals



=

displacement in x-direction

The Xx, Xy, and Xz are substituted from eqs. (38) and (50) as:   
Xx = C11exx+ C12eyy + C12ezz

Yy = C44exy

Xz =  Zx = C44ezx

exx = u/x

eyy = v/y

ezz = w/z

exy = u/y+ v/x

exz = u/z+ w/x

from eq. 31 & 32



Longitudinal Wave
(solution of eq. 57a):

Wavevector

Angular Frequency



Transversal Wave (wavevector along x direction, displacement along y direction)



Waves in the [110] Direction

a) Transversal Waves: propagates in xy plane, displacement in z direction

b) propagation in xy plane, displacement in xy direction



longitudinal wave (displacement along [110] and || K

transversal wave (displacement along [1-10] and perpendicular to K

u = v

u = -v






